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On the Prediction of Two-Dimensional Supersonic
Viscous Interactions Near Walls

R. I. Issa* and F. C. Lockwoodt
Imperial College of Science and Technology, London, United Kingdom

An existing iterative finite-difference prediction method for the solution of the elliptic differential equations
governing incompressible flowfields is adapted to handle compressible fields in which both subsonic and
supersonic regimes may be present. The basic procedure and its adaptation are described. The modified method
is tested against known analytic solutions for some inviscid supersonic flows, and against experimental data for
some laminar, and one turbulent, boundary-layer/wave interactions near walls. The method performs tolerably
well. The inaccuracies may be attributed to the wave smearing consequent of the finite-difference treatment.

Nomenclature
h = stagnation enthalpy
M = Mach number
p = pressure
q = heat-transfer rate
R = gas constant
Re = Reynolds number
S = volumetric source rate
St = Stanton number
T = static temperature
Tw = wall temperature
u =;t-directed velocity
v =^-directed velocity
x = streamwise coordinate
x —x divided by length of integration domain
y = cross stream coordinate
cv = angle of incidence of shock
7 = ratio of specific heats
6 = displacement thickness
F = diffusion transport coefficient
/x = fluid viscosity
p = density
o = Prandtl number
0 = a dependent variable.

I. Introduction
A. The Problem Considered

T HE presence of a wall in supersonic flow gives rise to a
complex 'supersonic viscous interaction' between the

subsonic layer very near the wall and the adjacent supersonic
region. The interaction arises because influences of the
pressure waves embedded in the supersonic region propagate
upstream through the subsonic layer. The streamline direc-
tions in the subsonic layer alter to accommodate these
pressure effects. The neighboring streamlines in the super-
sonic region are correspondingly altered, but because the
supersonic pressure field is very sensitive to streamline angle,
it is significantly affected by relatively small adjustments in
the subsonic layer. The wall-bounded supersonic flow is,
therefore, not 'hyperbolic/parabolic' in kind, rather it
possesses a mixture of 'hyperbolic' and 'elliptic' features.

The interaction between the shock wave, which springs
from the entrance lip of the engine-intake duct of a supersonic
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aircraft, and the duct wall boundary layer is an important
engineering flow which falls into the present class. The elliptic
influence of the subsonic layer is manifest in the thickening of
the boundary layer which occurs, in response to the pressure
rise of the shock, in advance of the shock impingement
location. If the shock is moderately strong, the boundary
layer separates, and a region of recirculation forms about the
impingement location. The consequent wave system in the
supersonic field is very markedly different from that
corresponding to inviscid flow analysis.

Some recent computational studies by the present authors *
have demonstrated that the supersonic/viscous interaction
may exert an overriding influence on the flow structure even
when its strength is not sufficient to induce separation. Ac-
count of the interaction must be taken in any prediction
method which purports the ability to handle virtually any of
the whole range of flows associated with transonic, as well as
supersonic, flight regimes. This paper is concerned with such
a prediction procedure.

B. Previous Work
Several integral-profile approaches to the prediction of the

interaction between a shock wave and a boundary layer
mentioned in the preceding section appear in early and recent
literature (see Refs. 2 to 7, for example). The most well known
of these is probably that due to Lees and Reeves.6 In spite of
their extreme simplicity, it is fair to say that these methods
have resulted in surprisingly good predictions of some of the
more general features of the flow, for the narrow range of
conditions for which they were intended.

The emergence of finite-difference methods has provided a
means of obtaining detailed predictions for many generalized
flow situations; however, this potential is far from realized at
the present time. Many calculations of supersonic boundary
layers have been performed using finite-difference techniques
of the 'parabolic' variety (see Refs. 8 to 12, for example), but
these methods are unable to handle the elliptic features of the
supersonic/viscous interaction. Some of these methods have
attempted to take account of the interaction within the sphere
of the parabolic prediction method, but the computations
have invariably exhibited instabilities which cannot be sup-
pressed in any universal and satisfactory way. Indeed,
Garvine13 has shown that the instabilities are the inevitable
result of the use of a parabolic procedure to predict what is
properly an elliptic flow.

Methods which account for elliptic effects in supersonic
viscous interactions have been developed and used to good
effect; see, for example, Refs. 14 to 18. These methods are
capable of solving the Navier-Stokes equations which embody
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all the physical features of fluid flow in general. The above-
mentioned methods use the time-dependent form of the
governing equations which yield the desired steady-state
solution when their integration is carried over a long period of
time. The advantage of this approach is that the time-
dependent equations are of hyperbolic/parabolic nature and
can be solved by a marching integration scheme and, in
consequence, the numerical solution procedure becomes
particularly simple.

Solutions by these methods have been obtained for
hypersonic-viscous interactions occurring at the leading edges
of flat plates, 14~17 while Goodrich et al.14 have also computed
the flow past a backward facing step and the near wake of a
blunt trailing edge. Good agreement between these
calculations and experimental data is generally reported.
Baldwin and MacCormack18 have computed a range of shock
wave/boundary-layer interaction problems with success; their
method appears to be reasonably efficient.

Another method which attempts to account for some of the
elliptic effects in supersonic viscous interactions is that due to
Werle and Vatsa.19 They employ a boundary-layer approach
with alternating direction of integration.

The disadvantages of the time-marching techniques are that
they are prone to numerical instability and are slow to con-
verge to the final steady-state solution. The solution of the
steady-state form of the Navier-Stokes equations, on the other
hand, does not suffer from the same limitations of the time-
marching method. However, it has not been possible until
recently to achieve a simple coupling of the solution of the
momentum equations with the solution of the continuity
equation. Recently, a general computational procedure for
two- and three-dimensional flows has been developed which
employs directly the 'primitive' variables, i.e., pressure and
the two/three velocity components.20'21 There has so far been
no reported application of this method to compressible flows.
C. Purpose and Scope of the Present Contribution

The present paper is concerned with the modification and
development of the pressure-velocity method20'21 for the
prediction of the supersonic/viscous interaction and the
subsequent validation of the modified method for two-
dimensional flow situations. The equations to be solved are
given in Sec. IIA while the basic method is briefly reviewed in
Sec. IIB. The modifications which have been incorporated in
the adaptation of the basic method to supersonic flow are
described in Sec. IIC. Sec. Ill is concerned with the validation
work; solutions for an inviscid flow are obtained in Sec. IIIA;
and in IIIB the method is tested against experimental data for
three near-wall viscous flows. Some conclusions are drawn in
Sec. IV.

II. Governing Equations and Method
of Solution

A. The Governing Equations
The independent variables of the problem are the axial (x)

and lateral (y) coordinates of a Cartesian system; the x-
coordinate is aligned in the predominant direction of flow.
The main dependent variables solved are: u) the axial velocity
component, v) the lateral velocity component, p) the static
pressure, and h) the stagnation enthalpy.

The method solves transport equations possessing the form

d d d / d<t> \— (Pu<j>) + — (Pvcj>) = T- (r* — )
dx dv dx\Bx/

(1)

where: a) </> may stand for u, v, or h; b) T0 is the local effective
exchange coefficient for the variable </>. It is given by: T u = f i
(the fluid viscosity which may be assigned effective values

when the flow is turbulent); T^/z, Th =/>i/a, where a is the
Prandtl number, c) S0 is the source (or sink) of the variable </>.
It assumes different forms when 0 stands for the different
variables; the forms used in the present work are given by:
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For the flows examined here, the diffusion in the jc-direction
was neglected in the supersonic region, and the relevant terms
in Eqs. (2) to (4) are omitted for M>1. The velocity-
divergence terms

d_
dx

2 f du dv

and

which have been omitted from Eqs. (2) and (3) are also in-
significant in all regions where the ^-direction diffusion ef-
fects are small. Where such diffusion effects become large,
namely in regions of low velocities near the wall, the flow is
incompressible, and the terms vanish. They are, therefore,
omitted for the sake of economy of computation.

Auxiliary equations that are used are the relationship be-
tween the stagnation enthalpy and the static temperature
given by

= CpT+'/2(u2 + v2) (5)

where Cp is the constant pressure specific heat and T is the
temperature, and the equation of state given by

p=p/RT (6)

where p is the static density, and R is the Gas Constant.
The continuity equation closes the set of governing

equations; it is given by

d
—
dx

— (pv)=0
dy (7)

B. The Basic Solution Procedure
The basic solution method is described in detail in Refs. 20

and 21, which give all the expressions arising in the finite-
difference formulation, so that only an outline of it is
required here. This is provided by the Sec. IIB. Sec. IIC
describes the modifications made to the procedure for the
handling of compressible flow.
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Fig. 1 A typical por-
tion of the finite dif-
ference grid.

i, j-i

The basic procedure is of the iterative, finite-difference
variety. One of the main features of the method is the use of
staggered arrangement of the grid (shown in Fig. 1) to
descretize the domain of solution. The velocities are
calculated at the locations indicated by the crosses (K,L for
example) lying midway between the main grid nodes which
are indicated by the dots (7,7 for example). The pressure and
stagnation enthalpy are stored at the main grid nodes; the w's
are located as positions marked by the symbol — > , and the v's
at those marked by the symbol I .

The finite-difference form of Eq. (1) is obtained by in-
tegration over a control volume surrounding the node under
consideration. A typical control volume surrounding node
(7,7) is shown in Fig. 14 This yields an expression of the
form

where P is the central node (which, for example, stands for
node (7,7) when (/> = /*, and for node (K,L) when (j> = u); £„
represents the summation over the four neighboring points:
(7+7,7), (7,7+7), (7-7,7) and (7,7-7),§ and Cn
are coefficients expressing the effects of convection and
diffusion. A hybrid upwind/central differencing scheme is
used in deriving the expressions for Cn. The scheme gives
first-to-second-order accuracy depending on the control-
volume Reynolds number [see Refs. 20, 22, and 23]. The
term S0 represents the integrated form of the source term S0.
When </> = « or 0 = f, it also contains the pressure gradient
terms, [for u(K,L) for example, this will be (Pi-i,j—pi,j)]>
There is an equation like (8) for each node, and therefore one
set of equations for each of the three dependent variables.

The finite-difference form of the continuity equation (7) is
obtained by integration over a control volume surrounding a
main grid node [(7,7) for example]. The resulting equation is
then used to derive a pressure-correction equation which
possesses the same form as Eq. (8). The derivation of the
pressure-correction equation proceeds as follows. The w's,
t>'s, and /?'s in the finite-difference continuity equation are
assumed to be perturbed by a change in pressure. Expressions
giving the u, v, and p perturbations in terms of the pressure
perturbation are then derived from the finite-difference form
of the momentum equations and the equation of state. These
expressions are combined with the finite-difference continuity
equation to eliminate the perturbation terms for u, v, and p
and to yield the pressure-correction equation which contains
only the pressure perturbation as a dependent variable.

The set of equations (8) are solved over the whole flowfield
for one dependent variable at a time. The solution proceeds
line by line, and an efficient tri-diagonal matrix algorithm is
used for this purpose.

The numerical solution of the sets of equations proceeds as
follows:

1) Values of the field variables are guessed. These values
are usually taken to be the ones obtained from the previous
iteration.

^Because of the staggered grid arrangement, the control volumes
for the u and v nodes are also staggered relative to the main control
volumes.
~7oT(A'+/,L),
for u.

f ( / f -7,L) ,and (K,L-1) when 0 stands

2) The two momentum equations are solved to give new
u'sand v's.

3) The w's and v's will not satisfy the continuity
equations unless the pressure field has been initially guessed
correctly. The error in continuity is here calculated at each
main grid node.

4) The pressure-correction equation whose purpose is to
yield suitable adjustments to the pressure field that will
remove the continuity errors is then solved.

5) The u and i>-velocities are then adjusted accordingly.
The expressions linking the u and v perturbations to the
pressure perturbations which were used in the derivation of
the pressure-correction equation are employed for the velocity
adjustments.

6) The /z-equation is solved.
7) The temperature is calculated from the stagnation

enthalpy. The density is then calculated from the new pressure
and temperatures.

8) A new iteration is started if the solution is not con-
verged.
C. Modifications for Supersonic Flow

The basic method treats the whole flowfield as an elliptic
domain whereas there exist, for a supersonic flow, definable
'zones of influence' of a hyperbolic character. There are three
sources of 'ellipticity' in the unmodified procedure: a) The
variables at every point in the field are linked to their
downstream neighbors by the difference equation (8); b) the
pressure difference driving the velocity at a velocity node
[u(K,L)9 for example] is that between the two main grid
nodes lying either side of the velocity location [(Pi~itj—Pi,j)
for u(K,L)]\ this implies that downstream pressures influence
upstream velocities; c) the calculation of the mass fluxes at the
continuity (main) control-volume boundaries is based on
linearly interpolated values of densities between the grid
nodes. This implies that downstream densities, and hence
pressures, affect upstream velocities.

The first of these elliptic numerical influences is effectively
eliminated by the hybrid differencing scheme which ignores
diffusional effects when the control-volume Reynolds number
is large and employs upwind differencing of the convective
terms. The second is handled by modifying the w-velocity
difference equation such that the pressure difference driving a
w-velocity, when the latter is supersonic, is simply taken to be
that across the adjacent two upstream nodes. So, for example
dp/dx for UK>L (Fig. 1) is represented by (pi-2,j-Pi-itj)/bx.
This in effect means the use of backward differencing for the
pressure gradient. The third elliptic influence is removed by
the sole use of upstream densities when computing supersonic
mass fluxes. So, for example, the mass flux associated with
UK>L is expressed as Pi-ltjUKtL.

D. Remarks about the Modified Procedure
Some useful comments about the numerical simulation of a

supersonic flow can be made with reference to the sketches in
Fig. 2. Panel a) refers to the unmodified procedure and shows
a typical grid node (7,7) linked to its immediate four
neighbors; whereas in reality the location (7,7) should only be
affected by influences transmitted along the characteristic
curves. Panel b) shows the ideal numerical linkage, but since
the characteristic angles vary throughout the flow and are not
known in advance, the required grid cannot be constructed
conveniently.

Panel'c) shows the linkages between (7,7) and its neighbors
achieved by the present modified treatment; clearly it does not
simulate entirely the ideal situation shown in panel b). An
ostensibly more appealing interlinkage is achieved by an
explicit, marching integration scheme characterized by panel
d) (such a scheme was used by Ref. 24, among others). How-
ever, explicit scheme characterized by panel schemes suffer
severe stability limitations compared with the present implicit
method.
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Fig. 2 Some possible interlinkages between grid points.
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Fig. 3 Inviscid shock reflection: a) flow geometry; b) wall pressure
distribution, M^ = 7.4.

E. Boundary Conditions
Two boundary treatments only require special mention

here: 1) that applicable at the outer freestream boundary; and
2) that pertaining at the outflow boundary location. Con-
sidering the former, if a wave originates from within the
domain of computation, its strength and location at the free
boundary are not known in advance. Suppose the location
(M,N) in Fig. 1 coincides with a free boundary, we deter-
mined the ^-directed ^-velocity there from the 'simple wave'
relation^

p
(9)

The subscript oo refers to the freestream condition, and u and
M are the mean of the calculated values at the J grid line and
the freestream values. When an inward-travelling wave im-
pinged on the freestream boundary, the appropriate y-velocity
prevailing just behind the wave was prescribed at the point of
impingement.

The outflow boundaries were always located well down-
stream of the interaction region where the flow is expected to
be of a parabolic/hyperbolic nature. The imposition of an
outflow constraint in the supersonic zone is of course
superfluous. Since the downstream flow was of the boundary-
layer kind, we adopted for the subsonic zone the simple ex-
pedient of neglecting the jc-direction diffusion. Also, the
gradient d (pu) /dx was taken as zero. This ensured that all the
mass flow entering the last column of control volumes is
fluxed out at the outflow boundary. To ensure that this

08

0-6

i.1*
- 02

•0 ^EXPERIMENT HOLDEN(28)
v j

— — — PREDICTIONS^ u 8

For the definition of simple-wave see Ref. 25.

Fig. 4 Laminar hypersonic flow near the sharp leading edge of a flat
plate: a) flow geometry; b) wall pressure distribution for experiment
of Ref. 27; c) wall pressure distribution; d) wall heat-transfer
distribution for experiment of Ref. 28.

constaint did not introduce significant errors, computations
with different locations of the outflow boundary were per-
formed.

III. Validation of the Procedure
A. Inviscid Flows

For the purpose of testing the accuracy of the finite-
difference scheme, predictions have been made of three
supersonic inviscid flows having analytical solutions; they
were: the flow over a flat plate inclined to the mainstream
direction', the merging of two inviscid streams of differing
Mach numbers and pressures, and the reflection of a shock at
a wall. Representative results for only the last of these will be
reported here a fuller discussion may be found in Ref. 26.

Figure 3 shows the prediction, in the vincinity of the shock
impingement location, of the wall pressure distribution for
five grid meshes compared with the analytic variation. The
results show that the refinement of dx considerably improves
the resolution of the shock wave. The results also show that
when dx is coarse, the refinement of dy does not necessarily
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x- lNCHES

Fig. 5 Laminar flow shock reflection: a) flow geometry; b) wall
pressure; c) heat-transfer distributions.

affect the solution. It is evident that the resolution of the
shock is controlled not only by the number of grid nodes in
both directions, but also by the ratio by/bx.

It was apparent from the tests performed, not all of which
are shown here, that there is usually an optimum value of
by/bx below which the refinement of by does not improve the
results. This phenomenon can be explained (with reference to
Fig. 2) by the fact that if bx> by, then the zone of influence for
every grid node becomes larger than by. This implies that the
grid node is now influenced by its lateral neighbors much
more than by the one immediately upstream of it, hence the
weaker resolution. The optimum value of by/bx clearly
depends on the local Mach number. For the problems we have
examined, values as low as unity have been used to obtain the
results presented here.

B. Viscous Flows
L Laminar Hypersonic Flow Over the Sharp Leading Edge of a Flat
Plate

The flow geometry is depicted in panel a) of Fig. 4. The
initial sudden deceleration of the flow at the sharp leading
edge gives rise to a leading shock which turns the flow away
from the wall. Slightly downstream of the leading edge a
boundary layer develops turning the flow gradually towards
the wall and giving rise to a continuous expansion.

Panel b) of Fig. 4 shows the computed wall pressure
distribution for the experimental situation of Bertram.27

Predictions for a selection of four grid meshes from the many
that were tried are shown. The larger number of nodes are
distributed in the jc-direction in each case; the 100x20 mesh
gives results which agree well with the data. The remarks
concerning the grid distribution made in Sec. IIIA in con-
nection with inviscid flows also apply here.

Predictions of the surface pressure and heat-transfer
distributions are compared with the data of Holden28 in
panels c) and d) of Fig. 4. The data shown are for various
freestream Mach and Reynolds numbers. The abscissa
quantity was chosen by Holden to correlate all of these data
due to scatter; it is not possible to say whether it is entirely
successful in so doing. The present predictions were per-
formed using a 100x20 mesh for the indicated two com-
binations of Mach and Reynolds numbers. The pressure
predictions reported by Smith,29 obtained using a parabolic
procedure, are also shown in panel c).

The scatter of the data make a quantitative assessment
difficult; the present predictions do, perhaps, overestimate
the pressure rise and underestimate the heat transfer. The
pressure predictions are certainly superior to those of Ref. 29.

EXPERIMENT (30)

2 3 4
x- INCHES

= 0-06in

EXPERIMENT (30)

1 2 3 4
"J x-INCHES

Fig. 6 Laminar flow shock reflection: a) wall pressure; b) heat-
transfer distributions.

A small dependence on Reynolds number can be discerned in
the predictions of panel c).

2. Laminar Shock- Wave/Boundary-Layer Interaction
The flow situation is shown in panel a) of Fig. 5 for the

especially interesting case where the incident shock strength is
strong enough to cause separation of the boundary layer.
Predictions for the experimental interactions studied by
Needhan30 are presented. The Mach number in both cases is
7.4, but the strength of the incident shock is such as to
produce an overall pressure rise of 3:1 in the one and 4:1 in
the other. The solution domain is indicated on panel a); in-
flow conditions were not measured so the present predictions
were obtained using information at the upstream boundary
obtained by a prior calculation of the upstream boundary
layer. The predictions were obtained using an 80 x 25 grid.

Panels b) and c) of Fig. 5 show predictions of the wall-
pressure and heat-transfer distributions compared with the
data for the less severe impinging shock. Predictions are
shown for two values of the boundary-layer thickness at
inflow, 5. The smaller value of 0.06 in. is the one determined
from the upstream boundary-layer computations. Schlieren
photographs of the flow appear to confirm this value.
Moreover, the computed upstream profiles agree well with
those which emerge from van Driest's31 similarity analysis so
there is no convincing reason to dispute them. Nonetheless, it
was found that substantially better agreement with the
pressure-distribution data is achieved when 6 is increased to
the value of 0.09 in. The heat-transfer predictions are,
however, adversely affected. We delay further discussion of
this until the results for the stronger impinging shock have
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Fig. 7 Turbulent supersonic slot injection: a) flow geometry; b) wall
pressure distribution.

been examined. The inviscid solution shown on panel b)
demonstrates the major effect of the introduction of viscosity
into the computational procedure; it is, of course, in very
poor agreement with the data.

Comparisons between the predicted wall-pressure and wall-
heat-transfer distributions for the stronger impinging shock
of Ref. 30 are shown in panels a) and b) of Fig. 6. The
pressure predictions are again improved by augmenting 6, this
time to 0.135 in. while the corresponding effect on the heat-
transfer predictions is again detrimental.

The influences of artificially thickening the boundary layer
may be explained in the following way. The boundary layer is
a region of low momentum, the external stream is of high
momentum. Within the shock impingement zone, these two
regions are separated by a physical discontinuity which is
smeared by the computations. In particular, the smeared v-
velocities result in the injection of momentum into the
boundary layer which tends to suppress separation. Fur-
thermore, the use of the hybrid difference scheme in the y-
direction gives a bias in favor of the downward directed mass
fluxes when these are larger than the diffusive fluxes. For gird
nodes which straddle the shock, significant errors will result.
Here also the net effect is the diffusion of momentum into the
boundary layer. Increasing the value of 6 merely compensates
for this defect of the computations. It is interesting to note
that a similar problem was encountered by Baldwin and
MacCormack18; improved predictions were obtained by the
introduction of momentum deficit into the freestream.

3. Turbulent Supersonic Slot Injection
Schetz et al.32 have obtained data for the turbulent

supersonic injection of air into a supersonic mainstream; this
flow geometry and conditions are illustrated in panel a) of
Fig. 7. The authors have attempted, with little success, to
predict this experiment using a parabolic/hyperbolic
prediction procedure. ' It is of interest, therefore, to establish
the superiority of the elliptic/hyperbolic technique of the
present work for this flow.

In the absence of detailed data for the conditions at the slot
exit plane, we have assumed a finite value of 2 mm for the
thickness of the boundary layer on the bottom wall. The
turbulent transport was determined from the rather crude
mixing length hypothesis of Prandtl. The computations
presented here were obtained using a grid of 80 x 25 nodes.

Predictions are compared with the data for the wall
pressure distribution in panel (b) of Fig. 7. The rather poor

parabolic/hyperbolic predictions of Ref. 1 are shown along
with three curves obtained using the present method. Curve 1
is obtained when the flow is presumed to be laminar, and
when the existence of the boundary layers on the splitter plate
is ignored. Curve 2 also assumes laminar flow, but the effect
of the splitter plate boundary layers is crudely simulated by
introducing a velocity deficit 'spike' into the inflow boundary
condition at the splitter plate location corresponding to a
Mach number of 0.5. Curve 3 is for turbulent flow with
allowance for the splitter plate boundary layers as for curve 2.

Because the parabolic/hyperbolic procedure cannot foresee
the upstream propagation of downstream influences within
the subsonic layer, the early fall of wall pressure due to the
expansion wave is not anticipated by it. The present procedure
eliminates this defect. Further, it is evident that the
pronounced 'dip' in the pressure distribution, which is its
principal feature, is primarily due to the effect of the splitter
plate boundary layers rather than to the effects of upstream
influence or to the effect of turbulence. The effects of inlet
conditions other than the splitter plate boundary layers were
found to be insignificant.

IV. Concluding Remarks
1) An existing method for the prediction of steady elliptic

flows has been modified to handle near wall supersonic flows.
2) The modified method has been tested against analytical

solutions for two-dimensional inviscid flows and, more par-
ticularly, against experimental data for two-dimensional,
supersonic/viscous, near-wall interactions.

3) More care is required in choosing a satisfactory grid
distribution than in the case of purely subsonic calculations.
The ratio of cross stream to streamwise grid spacings plays an
important role in the supersonic region.

4) The method performs tolerably well and is definitely
superior to existing parabolic prediction methods which are
unable to simulate the significant elliptic effects which arise
due to the existence of the subsonic layer.

5) The inaccuracies in the existing method may be traced
to: 1) the effects of the smearing of the pressure waves as a
consequence of the failure of the finite-difference formulae to
account for the discontinuities of derivatives of variables, and
2) to the hybrid difference scheme which can yield differences
that are upwind biased and so contrary to physical reasoning.
Further development is required to remove the deficiences.

6) Typical computing times on the CDC 6600 for problems
III. Bl, III. B2 and III. B3 for the grids stated in the text are:
13 minutes, 17 minutes, and 10 minutes, respectively. These
requirements are favorable when compared with those for
time-dependent schemes such as in Refs. 14 and 18.
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